We derive a necessary and sufficient condition for the thermalization of an observable in a closed quantum system which does not rely on the eigenstate thermalization hypothesis. The condition follows from an exact representation of the observable as a sum of a projection onto the local conserved charges of the system and a projection onto the non-local ones. We show that thermalization requires that the time average of the latter part vanishes in the thermodynamic limit while time and statistical averages for the first part are identical. Based on numerical data for a one-dimensional spin model as an example we finally investigate the finite-size scaling properties of the thermalization condition.
Introduction Preparing a classical many-body system in a typical initial configuration and letting it time evolve usually leads to an equilibration at long times so that typical observables become time independent. If the dynamics is ergodic, then the ergodic theorem [1] [2] [3] [4] ensures that the time average of observables can be replaced by an ensemble average. The ensemble provides a probability measure ρ on phase space which has to be invariant under time evolution because it describes the stationary state. ρ therefore has to be a function of the conserved quantities Q j with {H, Q j } = 0 where {., .} is the Poisson bracket and H the Hamilton function of the system. In cases where H is the only independent conserved quantity this invariant phase space measure is the familiar microcanonical ensemble which becomes equivalent to the canonical one in the thermodynamic limit (TDL). Integrable systems with phase space dimension 2N , on the other hand, have by definition N independent conservation laws making them non-ergodic and restricting the motion in phase space to invariant tori [4, 5] .
Although recent theoretical [6] [7] [8] [9] [10] [11] and experimental [12] [13] [14] [15] studies have lead to new interesting insights, it is still fair to say that the non-equilibrium dynamics of a closed quantum system is much less well understood. A particularly active field of research has been the investigation of quenches for lattice models with short-range interactions [8, 9, [16] [17] [18] [19] [20] [21] [22] [23] [24] . In this case the initial energy distribution will be singly-peaked in the TDL with vanishing width which is an essential prerequisite to allow for thermalization [8] . A possible explanation for the thermalization process itself is the eigenstate thermalization hypothesis (ETH) [6-8, 25, 26] which assumes that the expectation values of an observable in the eigenstate basis fluctuate little between eigenstates close in energy and can thus be directly replaced by an ensemble average.
While fulfilling the ETH is sufficient for thermalization it is not a necessary condition. In this Letter we derive a necessary and sufficient condition by projecting the observable onto a part protected by local conservation laws and an orthogonal part. This condition shows, in particular, that thermalization can also occur in a more generic scenario when fluctuations between eigenstate expectation values close in energy are large.
We restrict our discussion to time-independent Hamiltonians H with short-range interactions in position space and a discrete spectrum [27] . The time average of an observable O for an initial pure state |Ψ 0 is defined by
By using a spectral representation of the observable O and assuming that the spectrum of H is non-degenerate [28] we immediately obtain
where O diag = n O nn P n . Here O nn = n|O|n with P n = |n n| being the projection operator onto the eigenstate |n and H|n = ε n |n . Off-diagonal elements of O do not contribute in statistical or time averages so that it is sufficient to consider the diagonal part.
The attempt to replace the time average by an ensemble average following the prescription in the classical case, immediately leads to a crucial aspect which is different from the classical problem: All the projection operators are conserved, [H, P n ] = 0, and the number of conserved quantities thus always equals the Hilbert space dimension D. A density matrix ρ D which yields a statistical average equal to the time average (2) thus apparently has to be a function of all the projection operators [29] 
with Z D = Tr exp(− n λ n P n ) and Lagrange multipliers λ n fulfilling the condition (2), by construction and thus naively proves the ergodic theorem in the quantum case, it depends on the initial state and fixes the microstate of the system up to phase factors which are irrelevant for the long-time dynamics. In quantum statistical mechanics one is, however, only interested in the macrostate consisting of many microstates which cannot be distinguished by measuring local observables O [29] . While often not sufficiently stressed, this restriction is absolutely vital. For example, a measurement of any of the non-local projection operators P n yields information about the initial state and can thus never be described by a thermal ensemble. The new important ingredient, which has to be taken into account in the quantum case, is the distinction between local and non-local conserved quantities. A local operator for a lattice model is defined as Q n = j q n j where q n j acts on lattice sites j, j + 1, · · · , j + n only, with n finite. The number of local conserved charges is usually finite for a generic quantum system while it increases linearly-but not exponentially-with system size for an integrable one-dimensional model [30, 31] . A system is said to thermalize in the TDL if for any local observable (1) O(t → ∞) = O becomes time independent, and (2) O = O th = Tr{Oρ th } with ρ th = exp(− f n=1 β n Q n )/Z th being the appropriate thermal density matrix including the f -many local conserved quantities Q n with Z th being the partition function. Here the Lagrange parameters {β n } have to be determined by the set of equations Ψ 0 |Q n |Ψ 0 = Tr{Q n ρ th } because Q n (t) = Q n = Ψ 0 |Q n |Ψ 0 = const. [21] . Point (2) is equivalent to the statement that reduced density matrices of subsystems at long times become thermal [32, 33] .
In the following we want to show how to get from the trivial description of the long-time mean of any operator by the density matrix ρ D in (3) to the statistical description of the long-time mean of local operators by ρ th and derive a necessary and sufficient condition under which such a description is valid. The essential observation is that we can always replace the set of non-local conserved projection operators
with both sets forming a basis in operator space.
Therefore we can write
Tr{Oρ th } if the contribution of the non-local conserved charges to the ensemble average vanishes in the TDL. We will now explain in detail how a splitting of the observable into a local and a non-local part leads to a condition for thermalization.
A Mazur-type equality Thermalization requires
where we have used Eq. (2) in the second line with the matrix elements O nn rewritten in the generic form of a projection. In the last line we have, furthermore, introduced a coarse-grained description in the thermodynamic limit with O(ε) = ε−dε<εm<ε+dε O mm and similarly a thermal energy distribution Γ th (ε) and initial energy distribution Γ ini (ε) both including the coarse-grained density of states ν(ε). The assumption of the ETH scenario is that O nn becomes a smooth function of energy ε n in the TDL, i.e., O nn = O(ε = n ) so that a coarse graining is not required. This poses an unnecessarily restrictive condition. We want to stress again that it is an essential prerequisite for thermalization that the initial energy distribution Γ ini (ε) becomes sharply peaked in the TDL. Since the thermal distribution Γ th (ε) is also sharply peaked at the same energy in the TDL by construction, only a small energy window will contribute to the integral in the last line of Eq. (4). We now derive a general thermalization condition by using a Mazur-type equality to separate O diag into a part proportional to the local conserved quantities and a part orthogonal to this. A similar approach has been used previously to understand the role of conserved charges for quantum transport [34] [35] [36] [37] [38] [39] [40] . Instead of using the basis P n = |n n| we create a basis in operator space made up of two parts. Firstly, we use the f many local conserved quantities P n ≡ Q n for n = 1, · · · , f . The second part of the basis is composed of D − f many non-local operators P n , for n = f + 1, · · · , D such that P n P m th = P 2 n th δ nm are orthogonal. Here orthogonality with respect to the inner product · · · th = Tr{· · · ρ th } is an essential requirement to obtain a thermalization condition which is trivially fulfilled if the operator is a linear combination of the local conserved charges.
To be concrete we consider the case that the system has only a single relevant local conservation law-the Hamiltonian itself which can be written as H = j ε j P j . The thermal density matrix ρ th = exp(−H/T )/Z th is then just the usual canonical ensemble expected to describe the system at long times in the TDL. As a first step we choose the set of normalized operators {H , P 1 , P 2 , · · · , P D−1 } where H = H/ H 2 th , P n = P n / P 2 n th with P 2 n = P n . The normalized operator
then defines an orthogonal transformation (a so-called Householder reflection) for the projection operators
for i = 1, 2, · · · , D − 1 and generates the required orthonormal set { P 1 ≡ H , P 2 , P 2 , · · · , P D } replacing the projection operators {P n }. With the help of this new basis in operator space we can split O diag into a local and a non-local part
Energy conservation during time evolution demands H = Ψ 0 |H|Ψ 0 = H th which fixes the temperature T [8, 10, 17] and guarantees the equivalence of the time and canonical ensemble average for the first term, O loc in (7), which is proportional to H. With the help of Eqs. (2) and (7) and remembering that only the diagonal part O diag contributes to time and statistical averages, Eq. (4) can thus be rewritten as a condition for the non-local part, O nonloc , only.
One is typically interested in observables O, e.g. correlation functions, which are not affected by an energy shift H → H − E 0 . In this case we can simplify the condition on the non-local part further by finding an energy shift such that O nonloc th = 0. This is always possible and the explicit expression for E 0 is given in [41] . The necessary and sufficient condition for thermalization, which is one of the main results of this letter, then reads
with matrix elements O nn defined with respect to the new operator space basis. Using this basis, the condition for thermalization now simply states that the time average of the part of the operator being a linear combination of the nonlocal conserved quantities P 2 , · · · , P D has to vanish, O nonloc = 0, while, by construction, O loc ≡ O loc th with O loc being proportional to the local conserved charges. This calculation can be generalized straightforwardly to the case where many local conservation laws are present and the condition O nonloc = 0 remains unchanged [41] .
Finite size scaling Experiments on cold atomic gases as well as most numerical studies of the thermalization problem are done on finite systems [8, 19, 42] . Understanding the scaling with system size of the local and nonlocal contributions to the ensemble is therefore a problem of practical relevance. Here we exemplarily study the one-dimensional anisotropic Heisenberg model
where S is a spin-1/2 operator, J (J 2 ) are the superexchange couplings for the nearest (next-nearest) neighbors, respectively, and ∆ parametrizes an exchange anisotropy. In the following we set J = 1, use periodic boundary conditions, and study the model by exact diagonalization [43] as well as by an infinite size time-dependent density matrix renormalization group (tDMRG) algorithm [16, 44, 45] . The model (9) is integrable for J 2 = 0. In this case the number of conserved local operators Q n increases linearly with system size N . In the non-integrable case J 2 = 0, H itself and S z tot = j S z j are the only conserved local operators. To guarantee that the initial energy distribution becomes sharply peaked in the TDL, we consider a quench scenario [46, 47] . As initial state we choose the ground state |Ψ 0 (∆, J 2 ) of the Hamiltonian (9) with parameters ∆ and J 2 . We then time evolve with H(∆ , J 2 ) where (∆ , J 2 ) = (∆, J 2 ). Because Ψ 0 |S z tot |Ψ 0 ≡ 0 in this case the associated Lagrange multiplier is zero as well and ρ th = exp(−H/T )/Z th .
Locality and statistical ensembles We start by investigating the step from ρ D to ρ th , i.e., ignoring the contributions of the non-local conserved charges to the ensemble. To do so we define an extended canonical ensemble
with Z Pj = Tr exp(−βH + λ j P j ) and the two parameters β, λ j being determined by the conditions H = Ψ 0 |H|Ψ 0 = Tr{Hρ Pj } and P j = Ψ 0 | P j |Ψ 0 = Tr{ P j ρ Pj }. This extended ensemble is compared with the canonical ensemble in Fig. 1(a,b) for the non-integrable case using P 2 as defined by Eq. (6) as a generic example. Indeed, we find that the qualitative results for the finite size scaling are independent of which of the non-local 3), by neglecting all non-local conserved charges. In the integrable case shown in Fig. 1(c) , ρ th does not describe the equilibrated state at long times because other local conserved quantities are not taken into account [33, 41] .
Locality and observables Next, we want to study how the degree of locality of the operator itself affects its thermalization. Numerical data for O = S i S j are shown in Fig. 2 . The relative deviation ∆ rel = |(S i S j − S i S j th )/S i S j | between the time and the canonical ensemble average for finite systems becomes larger the larger the distance is and thus the less local O is, see Fig. 2(a) . If we fix the distance between the spin operators to N/2 as in Fig. 2(b) then the canonical ensemble average approaches zero with increasing N much faster than the time average so that ∆ rel → 1. Note that the data in Fig. 2(a) obtained by tDMRG clearly support thermalization in the TDL with error bars stemming from approximating the initial state, a discrete time evolution, and the finite simulation time [41] .
Projection onto locally conserved charges The initial distribution |c(n)| 2 , and the microcanonical and canonical ones, Γ mic/can (ε) are shown in Fig. 3(a) , for the same quench as before. While the initial distribution will become singly peaked in the TDL [8] , this is clearly not the case for the system sizes within reach of exact diagonalization. The initial state distribution thus cannot be simply replaced by the microcanonical ensemble. Furthermore, O nn , shown in Fig. 3(b1) and (c1) for two dif- ferent correlation functions, shows large fluctuations and no clear finite size scaling [41] . Thus our data do not support the ETH scenario, yet we already see clear indications for thermalization as shown in Fig. 1 and Fig. 2 .
To understand these findings we return to the generic condition for thermalization, Eq. (8), which requires that the time average of the non-local part vanishes. Indeed, the non-local contributions O nn , shown in Figs. 3(b2) and (c2), have fluctuations centered around zero which are orders of magnitude smaller than those in O nn . As expected, O nn , which is a projection onto a non-local operator, does furthermore show a clear finite size scaling [41] with O nn → 0 exponentially for N → ∞. A proof of thermalization would now require to show that the sum of the exponentially many exponentially small terms in Eq. (8) vanishes in the TDL. Here we can only conclude based on the numerical data in Fig. 1 for the specific model investigated that this sum-which is equal to Tr{Oρ D } − Tr{Oρ th }-scales as 1/N .
Conclusions To summarize, we have looked at the question of thermalization in closed quantum systems from the perspective of conservation laws. Contrary to a classical system two distinct kinds appear: local and nonlocal ones. By choosing a new basis in operator space we have separated the considered observable into a projection onto the locally conserved charges, for which the time and statistical average agree by construction, and a projection onto the non-local ones where thermalization takes place. The condition for thermalization which is obtained by this separation is strict and not based on the ETH. In particular, this necessary and sufficient condition opens up the possibility that systems exist which do thermalize although the ETH does not apply with the studied system being possibly an example. 
Supplementary Material
The purpose of this supplementary material is threefold. In Sec. we will first provide some additional information about the basis rotation required to split an observable into a local and a non-local part, numerical data testing the ETH, as well as some technical details about the coarse graining procedure used to obtain a continuous density of states. Secondly, we explain in Sec. the timedependent DMRG algorithm used to produce the data for infinite system size. In particular, we present as an additional information the time-dependence of the correlation functions after the quench. Adding to the study of generic quantum systems presented in the paper, we finally study the same quantities for an integrable quench in Sec. .
Details of the calculation
In Sec. we give some details about the splitting of an observable into a local and a non-local part. In Sec. we present a finite size scaling analysis of the fluctuations in O nn and O nn . Finally, we explain in Sec. the coarse graining procedures used to obtain the continuous distributions.
Splitting into local and non-local part
In the paper we have argued that the proper basis in operator space to study thermalization consists of the local conserved charges plus an additional set of nonlocal charges which span the rest of the diagonal operator space. In this basis the time and statistical average for the part of the observable obtained by projecting onto the local conserved charges agree by construction so that thermalization becomes a statement about the projection onto the non-local conserved charges only.
Multiple local conservation laws The generalization of Eq. (8) of the main paper for a system with f > 1 local conservation charges, {Q 1 , . . . Q f }, is straightforward. We can still decompose the operator into a local and a non-local part,
with { P n } an orthogonal basis set. Firstly for n = 1, · · · , f , P n ≡ Q n are the set of local conserved quantities. Secondly we have P n with n = f + 1, · · · , D which are non-local operators defined such that the set { P n } is an orthogonal basis. Such a set can always be constructed explicitly.
The thermal ensemble average is now given by O th = Tr{Oρ th } with ρ th = exp(− n β n Q n )/Z th , Z th = Tr exp(− n β n Q n ). The Lagrange parameters {β n } are determined by the set of equations Ψ 0 |Q n |Ψ 0 = Tr{Q n ρ th }, which in turn ensures that the time and thermal ensemble averages for O loc are the same by construction, i.e. O loc ≡ O loc th is still guaranteed, and thermalization remains a statement about the non-local contributions.
Energy shift By shifting the energy, H → H −E 0 , the projection operators P n are modified because of the orthogonality condition H P n = 0. The qualitative behavior of O nn is, however, not affected. A convenient, unique gauge is obtained by demanding that O nonloc th = 0. Focusing once again on a system with only one local conserved quantity, this is achieved by choosing
which is the shift we have used in the main part of the paper. For a system with f > 1 local conserved quantities a similar condition can be found.
Relation between the original and the rotated basis The relation between the old and new operator basis can be expressed as
(13) where P n = P n / P 2 n th are the normalized projection operators, P i P j th = δ ij and P 2 n = P n . Using the definition of the Householder reflection and some simple algebra we find P m P n th = δ nm − 2ε n ε m (H − P D ) 2 th P n th P m th H 2 th .
, we have P n th ∝ e −N so that the expansion coefficients a m n are sharply peaked at n = m. As a consequence, the initial distribution is not affected by the rotation in the thermodynamic limit, i.e.,
and becomes sharply peaked in the thermodynamic limit. The matrix elements of the observable
are, however, changed because they are given by summing over the exponentially many old matrix elements O nn so that the exponentially small corrections in a m n , see Eq. (14), still matter.
Fluctuations in
According to the eigenstate thermalization hypothesis, O nn should become a smooth function of the eigenenergy ε n in the thermodynamic limit. For the system sizes we are able to exactly diagonalize we are clearly far from that limit and fluctuations in O nn are large. Nevertheless, we can still check how these fluctuations scale with system size.
In order to investigate the scaling with system size we define the average size of the fluctuations in an energy interval:
The prime on the sum refers to a restriction to an energy interval of 0.05 times the bandwidth W ∆ = ε D − ε 1 , and centered on the middle of the spectrum, E = W ∆ /2 + ε 1 , with ε 1 the ground state energy. This can be more precisely defined as
f n Γ(ε n − E), where
and θ(ε) is the Heaviside function. O nn mc is the locally defined average, in other words the microcanonical ensemble, calculated here with the same energy window:
To compare the size of the fluctuations with the magnitude of the operator we define O E = n O nn . We can define the same in the rotated basis:
with the interval for the sum defined as for Eq. (17).
Strictly speaking O nn mc is no longer the microcanonical ensemble average as n no longer labels the eigenenergies. Nonetheless one can define an analogue and we retain the same notation for ease of presentation.
We consider again the same quench as in the paper with |Ψ 0 (5, 0.2) and H(1, 0.2), and look at observables O = S i S j for different |i − j|. In Fig. 4 we plot ∆ O and ∆ O for system sizes N = 8 to 16. The absolute magnitude of the fluctuations of ∆ O , Fig.4(b) , can be several orders of magnitude larger than their average value even for N = 16, see Fig. 4(c) , so that ETH does not apply. In particular it does not seem possible that this can be the explanation for the data of Fig. 2(a) of the paper. Though the trend for the fluctuations appears to be for them to become on the whole smaller for larger system sizes, no clear-cut scaling can be seen. The relative size of the fluctuations, defined as ∆ O / O E as in Ref. [48] , demonstrates even poorer scaling behavior with the system size, see Fig. 4 (c). However, for the non-local part ∆ O , shown in Fig. 4(a) , one sees clear scaling to zero which depends exponentially on the system size. This agrees with our expectations because O nn is defined by a projection onto a non-local operator and supports the division into local and non-local operators which we have implemented.
Energy distributions and coarse graining
In order to plot the continuum energy distributions a coarse graining is necessary. The density of states is first made continuous by approximating
with an envelope function:
In the paper we have used W = 10δ for N = 16, where δ is the mean level spacing with an additional running average. The results of these procedures for the density of states are shown in Fig. 5 . The same procedure is performed for the canonical ensemble. As a check that this is working correctly one must compare operator averages found with these coarse grained distributions and with the exact ones. Note that whilst a coarse graining over a wider energy range (e.g. W = 50δ) will give the same result for the density of states as in Fig. 5 , it does not give accurate results for the canonical ensemble. For the microcanonical ensemble one simply broadens the deltafunction around the initial energy E = Ψ 0 |H|Ψ 0 ,
where, again, θ(ε) is the Heaviside function.
In principle one could also attempt this procedure on the initial distribution to calculate the time average. However for the system sizes we are able to consider we find that it is not possible to smoothen the initial distribution and, at the same time, retain accurate averages for physical quantities.
Infinite size time-dependent DMRG
In order to show that the quench in the non-integrable case considered in Fig. 1 and Fig. 2 of the main paper does indeed lead to a thermalization of the local correlation functions in the thermodynamic limit at long times we have performed infinite size time-dependent DMRG calculations. The time evolution is performed by using a third order Trotter-Suzuki decomposition with a time step Jδt = 0.05. In order to obtain results in the thermodynamic limit we have simulated the dynamics on a light cone which grows with an effective velocity, set by the Trotter time step, which is much larger than the LiebRobinson velocity. Further details of the algorithm are given in Ref. 16 . The initial state as well as the thermalized state were calculated using an imaginary time evolution.
In Fig. 6 we show results for Ψ 0 |S i S i+j (t)|Ψ 0 − S i S i+j th for the quench with |Ψ 0 (5, 0.2) and H(1, 0.2) considered in the main paper. At the longest times we can simulate this difference becomes smaller than 10 −3 . Due to the Trotter decomposition we expect an error of order (δt) 2 ∼ 10 −3 so that the system has already thermalized within error bars. While we could, in principle, reduce the Trotter step δt we also see oscillations of order 10 −3 at these times so that a tighter bound on thermalization would in addition require substantially longer simulation times which are not feasible using present day computers and algorithms. Note that the relative deviation ∆ rel shown in Fig. 2(a) of the main paper is extremely sensitive to small errors because the difference plotted in Fig. 6 is divided by the time average of the correlator. For the longer-range correlation functions this value becomes very small-we obtain, for example, S i S i+4 ≈ 0.039-thus magnifying the numerical error in the time-dependent correlation function.
The integrable case
Non-equilibrium dynamics in integrable systems and the question of the appropriate statistical ensemble to describe the long-time limit have been intensely studied in recent years. [21, 33, [49] [50] [51] In our paper we only briefly touched upon this issue by explaining how the splitting into a local and a non-local part can be generalized to the integrable case. While for non-interacting systems the additional local conservation laws simply become the occupation numbers of the diagonal modes, they are quite complicated in the interacting case [31] and a detailed study is beyond the scope of this Letter. Here we simply want to look for indications of integrability when taking only the Hamiltonian itself into the local part, as in Eq. (7) of the paper, thus ignoring all other locally conserved quantities. In Fig. 7 we present the same data as in Fig. 2 now quite different. ∆ rel for the correlation function S i S i+2 , in particular, shows an upturn for the largest system sizes which we have considered by exact diagonalization. Furthermore, the results for infinite system size obtained by tDMRG clearly show that the correlation functions at long times after the quench are no longer described by the canonical ensemble. This is also immediately obvious from the time-dependent data shown in Fig. 8 . Finally, we present in Fig. 9 the analogue of Fig. 3 of the paper for the integrable case. One of the obvious differences is that the fluctuations in O nn for the case O = S i S i+1 are substantially larger than in the non-integrable case, see Fig. 9(b1) . In O nn , shown in Fig. 9(b2) and (c2) , the largest fluctuations are of similar magnitude as in the non-integrable case shown in the paper, however, substantial fluctuations persist to much higher energies. Note that according the thermalization condition, Eq. (8) of the main paper, also Ψ 0 | P N |Ψ 0 enters. Thus the different energy-level distributions in the two cases will play a role as well: While level repulsion leads to a Wigner-Dyson distribution for a generic model, each state in an integrable model is uniquely characterized by the quantum numbers of the local conserved quantities so that states can cross leading to a Poissonian distribution. The fact that we are missing local conservation lawss when using the canonical ensemble for an integrable system would, of course, be immediately obvious if we chose one of the additional local conserved charges as our observable whose expectation value would be time independent and thus characterized by the initial microstate.
